We propose a scalable neutral atom quantum computer with an on-demand interaction through a selective two-qubit gate operation. Atoms are trapped by a lattice of near field Fresnel diffraction lights so that each trap captures a single atom. One-qubit gate operation is implemented by a gate control laser beam which is applied to an individual atom. Two-qubit gate operation between an arbitrary pair of atoms is implemented by sending these atoms to a state-dependent optical lattice and making them collide so that a particular two-qubit state acquires a dynamical phase. We give numerical evaluations corresponding to these processes, from which we estimate the upper bound of a two-qubit gate operation time and corresponding gate fidelity. Our proposal is feasible within currently available technology developed in cold atom gas, MEMS, nanolithography, and various areas in optics.
Introduction
Quantum computation employs a quantum mechanical system as a computational resource. [1] [2] [3] It is expected that a large scale quantum computer outperforms its classical counterpart exponentially by making use of superposition states and entangled states. In spite of many proposals for potentially scalable quantum computers, most physical realizations so far accommodate qubits on the order of ten, at most. One of the obstacles against scalability in the previous proposals is the absence of controllable interaction between an arbitrary pair of qubits. Small scale quantum computers are already demonstrated experimentally in several physical systems, such as NMR, trapped ions, photons, and neutral atoms. These physical systems have merits and demerits and no single physical system to date satisfies all the DiVincenzo criteria, the necessary conditions for a physical system to be a candidate of a working quantum computer.
4)
A neutral atom quantum computer is one of the most promising candidates of a scalable quantum computer. Neutral atoms are believed to be robust against decoherence, another obstacle against a physical realization of a working quantum computer, since they are coupled very weakly to the environment. A one-qubit gate operation has been already demonstrated with a two-photon Raman transition, 5, 6) which is a well-established technique today. A two-qubit gate operation makes use of a cutting edge technique involving ingenious manipulation of hyperfine-state-dependent optical lattice potentials.
7-10)
A drawback of this two-qubit gate implementation is that the gate acts on all the nearest neighbor pairs in the optical lattice simultaneously. Hence a selective gate operation is yet to be realized, although some ideas utilizing optical tweezers has been proposed. It is the purpose of the present paper to propose a new design of a neutral atom quantum computer with an ondemand interaction, which is potentially scalable up to nology. 12, 13) The schematic illustration of our proposal is shown in Fig. 1 . We punch an array of apertures in a thin substrate made of, e.g., silicon. An optical fiber is attached to each aperture, which lets in two laser beams, one for trapping and the other for one-qubit gate control. Atoms are trapped by a near field Fresnel diffraction light (NFFD), 14) which is produced by letting the trap laser light pass through an aperture with a diameter comparable to the wavelength of the laser, so that each trap holds a single atom. Turning on and off the trap laser individually is required to implement a selective two-qubit gate as will be shown later. Each lattice site is also equipped with its own gate control laser beam so that individual single-qubit gate operations can be applied on many qubits individually and simultaneously. A controlled twoqubit gate operation between an arbitrary pair of qubits is made possible by selectively transferring two atoms in a superimposed one-dimensional optical lattice and by employing the method demonstrated by Mandel et al.
11)

9)
Here, we give detailed analysis of the selective two-qubit gate implementation according to our proposal.
Technology required for physical implementation of the proposed quantum computer has already been developed in the areas of cold atom trap, scanning near field optical microscope (SNOM), nanolithography, and quantum optics, among others, and we believe there should be no obstacles against its physical realization.
We first briefly review the design of a neutral atom quantum computer demonstrated by Mandel et al. 9) in Sec. 2. We point out problems inherent in their design. Individual atom trap by making use of NFFD light is introduced in Sec. 3. Section 4 is devoted to one-and two-qubit gate implementations. We separate the twoqubit gate operation into several steps and evaluate the execution time and the corresponding fidelity of each step in Sec. 5 and Appendix A. Conclusion is given in Sec. 6.
Brief Review of Neutral Atom Quantum Computer in Optical Lattice
In this section, we look back the experiments by Mandel et al. [7] [8] [9] to give a basic background on how to trap and manipulate atoms using laser beams and how to implement gate operation. We subsequently point out problems inherent in their design.
Suppose an atom is put in a laser beam with an oscillating electric field E(x, t) = Re(E 0 (x)e −iωLt ), where ω L is the laser frequency. It is assumed that ω L is close to some transition frequency ω 0 = E e − E g between two states |g and |e of the atom. The interaction between the electric field and the dipole moment of the atom introduces an interaction Hamiltonian
where d is the dipole moment operator of the atom. This interaction introduces an effective potential of the form
for an atom in the ground state, which is called the AC Stark shift.
Here Ω eg = e|d|g · E 0 (x)/ , while ∆ eg = ω L −ω 0 is the detuning. We have ignored the small natural line width of the excited state. In case ∆ eg > 0 (blue-detuned laser), V (x) is positive and a region with large V (x) works as a repulsive potential. In contrast, if ∆ eg < 0 (red-detuned laser), V (x) is negative and a region with large |V (x)| works as an attractive potential. We use mainly a red-detuned laser in the following proposals.
It is possible to confine neutral atoms by introducing a pair of counterpropagating laser beams with the same frequency, amplitude and polarization along the x-axis. These beams produce a standing wave potential, called an "optical lattice" of the form
where k OL is the wave number of the laser and w is the waist size, which is on the order of the laser wavelength. It is possible to construct a three-dimensional lattice by adding two sets of counterpropagating beams along the y-and the z-axes. Note that the lattice constant is always λ OL /2, where λ OL is the wavelength of the laser. Mandel et al. trapped atoms in such an optical lattice.
9) They used the Rabi oscillation to implement onequbit gates, in which a microwave (MW) field was applied. They have chosen qubit basis vectors |0 = |F = 1, m F = −1 and |1 = |F = 2, m F = −2 to be in harmony with the one-qubit gate operation making use of the Rabi oscillation.
For two-qubit gate operations, they introduced timedependent polarization in the counterpropagating laser beams as E + (x) = e ikOLx (ẑ cos θ +ŷ sin θ),
These counterpropagating laser beams produce an optical potential of the form
where σ + (σ − ) denotes counterclockwise (clockwise) circular polarization. Note that the first component (∝ σ + ) moves along the x-axis as θ is increased, while the second component (∝ σ − ) moves along the −x-axis under this change.
8) The component σ + introduces transitions between fine structures; nS 1/2 (m J = −1/2) → nP 1/2 (m J = 1/2), nS 1/2 (m J = −1/2) → nP 3/2 (m J = 1/2), and nS 1/2 (m J = 1/2) → nP 3/2 (m J = 3/2). The transitions from nS 1/2 to nP 3/2 are red-detuned, while the transition from nS 1/2 to nP 1/2 is blue-detuned if ω L is chosen between the transition frequencies of
Then by adjusting ω L properly, it is possible to cancel the attractive potential and the repulsive potential associated with these transitions. The net contribution of the σ + laser beam in this case is an attractive potential for an atom in the state nS 1/2 (m J = 1/2). We denote this potential as 
By decreasing the phase θ, the state |0 moves with dominating V + toward +x-direction, while |1 moves with V − toward −x-direction. Thus it is possible to make |0 i and |1 i+1 collide between the two lattice points. If they are kept in the common potential well during t hold , the subspace |0 i |1 i+1 obtains a dynamical phase e −iUintt hold ,
7)
where U int is the on-site repulsive potential energy. After these two components spend t hold in the potential well, they are brought back to the initial lattice point by reversing θ, which results in the two-qubit gate operation
It should be noted, however, that the state dependent potentials act on all the pairs of the atoms and selective operation of the two-qubit gate on a particular pair is impossible. Their proposal may be applicable to generate a highly entangled state for a cluster state quantum computing, although it is not applicable for a circuit model quantum computation.
In the following sections, we propose implementations of a neutral atom quantum computer, which overcome these difficulties.
Near Field Fresnel Diffraction Trap
Suppose there is an array of apertures in a thin substrate. We consider a square lattice of apertures for definiteness. The substrate is made of a thin silicon, for example. Silicon has a very good thermal conductivity, comparable to a metal, and local heating due to a laser is expected to diffuse quickly. It is possible to maintain the substrate in a low temperature if the perimeter of the substrate is in contact with a refrigerator, which suppresses thermal excitation of an atom.
Bandi et al. 14) proposed to trap an atom with a microtrap employing NFFD light. Atoms are trapped in an array of NFFD traps, each of which traps a single atom. An NFFD light is produced if a plane wave with the wave length λ F is incident to a screen with an aperture of the radius a ≥ λ F . The ratio N F = a/λ F ≥ 1 is called the Fresnel number. The trap potential is evaluated by applying the Rayleigh-Sommerfeld formula as where
and
with the distance r between x = (x, y, z) and x ′ = (x ′ , y ′ , 0) in the plane. Here, Γ e is half of the spontaneous decay rate, E 0 the amplitude of the incoming plane wave, k F = 2π/λ F its wave number, the detuning ∆ eg is negative (red-detuned), and the plane wave is incident to a screen from the −z-axis. The integral is over the aperture region (x ′2 + y ′2 ≤ a 2 ). The aperture size is on the order of the wave length λ F so that the distance between the minimum of the potential energy and the substrate is on the order of the wavelength. Figure 2 shows the trap potential profiles for two aperture radii, which is obtained by evaluating Eq. (8) numerically. It is clear from Fig. 2 . that the distance between the atom and the substrate is controllable by manipulating the aperture size a. Figure 3 shows the z-coordinate of the potential minimum (z m ) as a function of the aperture size a. We take advantage of this fact in our implementation of a two-qubit gate later. The aperture size may be controlled by employing a small scale liquid crystal technology called Spatial Light Modulator (SLM) with Liquid Crystal on Silicon (LCOS) technology.
15, 16) An array of shutters made of liquid crystal may be fabricated on a silicon wafer with LCOS-SLM. The current operation time of the SLM is reported to be sub msec, which is comparable to the operation times of the other steps in our gate implementation discussed below. Alternatively, well-established MicroElectro-Mechanical Systems (MEMS) technology may be employed to control the aperture radius. An MEMS shutter for a display is already in a mass production stage 17) and it may be applied to demonstrate our proposal. The on (off) switching time of the shutter is 54 (36) µs
17)
and we expect even faster switching time by optimizing its structure for our purpose.
18)
It is clear by construction that we have freedom in the choice of the lattice constant and the lattice shape. We may even arrange the traps in an irregular form if necessary. This is a remarkable new feature, which a conventional two-dimensional optical lattice cannot provide with; an optical lattice is always regular and its lattice constant is on the order of the wavelength of the laser beams, where the lattice constant can be tuned to some extent by changing the angle of two lasers.
19)
Quantum Gate Implementations
For a quantum system to be a candidate of a general purpose quantum computer, it is necessary for the system to be able to implement a universal set of quantum gates, that is, the set of one-qubit gates and almost any two-qubit gate. 20) Now we explain how these gates are realized in our proposal.
In the following we take two hyperfine states to represent two-qubit basis vectors, which we denote |0 and |1 . The hyperfine states must be consistent with two-qubit 1, m F = 1 and |1 = |F = 2, m F = 1 throughout this paper.
One-Qubit Gates
Let us assume, for definiteness, the NFFD trap potential is strong enough so that there is only one atom in each trap. Along with the NFFD trap light, there is a gate control laser beam propagating through the fiber, which is depicted in a broken line in Fig. 1 .
One-qubit gate is implemented by making use of the two-photon Raman transition, 3) which is already demonstrated. 5, 6) Let E 0 and E 1 be the energy eigenvalues of the states |0 and |1 , respectively, and let E e be the energy eigenvalue of an auxiliary excited state |e necessary for the Raman transition. Suppose that a laser beam with the frequency ω L has been applied to the atom. Let ∆ = ω L − (E e − E 0 )/ be the detuning and Ω i be the Rabi oscillation frequency between the state |i (i = 0, 1) and |e . Then, under the assump-
i /|∆|, we obtain the effective Hamiltonian
where
Note that H 1 generates all the elements of SU(2) since there are two su(2) generators σ x,z in the Hamiltonian and their coefficients are controllable.
Two-Qubit Gates
As illustrated in Fig. 4 , our proposal for selective twoqubit gate operation consists of 7 steps:
1 We choose two trapped atoms to be operated by the gate. Each atom is made into a superposition state (|0 + |1 )/ √ 2 by a gate control laser beam attached to each aperture. Then, these atoms are transferred from the vicinity of the substrate to space coordinates, where a one-dimensional optical lattice will be introduced later, by enlarging the aperture radius. The minima of the optical lattice will be situated at these space coordinates.
2 While the atoms stay at the points, the NFFD lasers of the two atoms are gradually turned off while a pair of counterpropagating laser beams to form an optical lattice is gradually turned on.
3 Now the two atoms are trapped in the optical lattice.
As described in Sec. 2, the polarizations of the pair of the counterpropagating laser beams are rotated in opposite directions so that the qubit state |0 is transferred toward positive x-direction, while |1 is transferred toward negative direction. Therefore, it is possible to collide |0 of one atom and |1 of the other atom.
4 Now, component |0 of one atom and |1 of the other are trapped in the same potential well in the optical lattice. They interact with each other for a duration t so that this particular state Here, the black contours show the individual NFFD potential and bold black segments show the screen.
Step 1: By enlarging the aperture size, the minima of the selected traps are moved away from the substrate.
Step 2: A one-dimensional optical lattice along the x-axis, depicted by the thin red contours, is superimposed with turning off adiabatically the selected NFFD traps. Two atoms in the superposition of |0 and |1 are left in the state-dependent optical lattice.
Step 3: The polarizations of the counterpropagating laser beams are tilted by ±θ so that the |0 and |1 components of two atoms move in the opposite directions.
Step 4: The collision of |0 of one atom and |1 of the other gives a dynamical phase. Steps 3', 2', and 1' are the reverse process of steps 3, 2, and 1, respectively.
|0 |1 acquires an extra phase U int t hold compared to other components |0 |0 , |1 |0 , and |1 |1 . Here U int = (4π 2 a s /m) |ψ| 4 dx is the on-site interaction energy with the atomic mass m and the s-wave scattering length a s . When t hold satisfies the condition U int t hold = π, we obtain a nonlocal two-qubit gate |00 11|−|01 01|+|10 10|+|11 11|. Application of further one-qubit gates implements a CNOT gate or a CZ gate.
3' After acquiring the phase, two atoms are separated along the optical lattice by an inverse process of Step 3.
2' Atoms are transferred from the optical lattice to the NFFD trap by an inverse process of Step 2.
1' Aperture radii of NFFD lasers are reduced so that the atoms are transferred back to the vicinity of the substrate by an inverse process of Step 1. Now the gate operation is completed.
Execution Time of Two-Qubit Gate
In this section, we analyze all steps of selective twoqubit gate operation in detail one by one to estimate the execution time. While shorter execution time is preferred, the fidelity should be kept close to 1 during the gate operation. The fidelity is mostly bounded by adiabaticity requirement. Here, we give an estimate of the execution time, which is limited by the adiabatic condition. Detailed numerical simulations, using the timedependent Schrödinger equation with experimentally realistic parameters, for each step will be described in Appendix A.
Step 1
Suppose that an atom is transferred away from the vicinity of the substrate (from z m = z ini to z fin ) by increasing the aperture radius a, e.g. from (a) to (b) of Fig. 2 . The distance z fin − z ini may be a few times of λ F . As seen from Fig. 2 , the NFFD trap potential in this parameter range is shallow along the z-axis and steep in the xy-plane, which means that the curvature along the z-axis dominates the adiabaticity condition. The angular frequency along the z-axis around the minimum z = z m is
where we put tildes for dimensionless variables scaled by the wavelength λ F and the potential amplitude U 0 of the NFFD trap Eq. (8); τ F = /U 0 is the characteristic time scale for NFFD trap and α
2 |z =zm as a function of the aperture size a is shown in Fig. 5 .
Since ω z is a monotonically decreasing function of a, the characteristic time τ (1) ad for an adiabatic change can be estimated from the condition which gives
Here we have taken the "worst" curvature at the final value of a, i.e., z m = z fin . For the typical parameter values for a realistic NFFD trap (see AppendixA.1) we can see α ≪ 1, because the depth of the NFFD trap is very deep. We expect, from this estimation, that the transfer of an atom from the initial position to the optical lattice potential minimum will be bounded in time by τ
ad ∼ 10 3−4 τ F ∼ 10 2−3 µs.
Step 2
Now that the atoms are transferred to the right space points, their wavefunctions must be transformed from the ground states of the NFFD traps to those of the optical lattice adiabatically. It is important to note that the centers of the NFFD traps and those of the optical lattice potential must be sitting at the same space points for a smooth transfer of atoms. The adiabaticity in this case is limited by the smallest potential curvature, that is, the curvature of V OL (Eq. (3)) along the radial (y or z) direction, because the typical laser waist satisfies w ≥ 4λ OL . The separation between the ground state and the first excited state energies ω z gives a time scale τ (2) ad ∼ 2π/ω z , where the angular frequency is defined as
Using the typical time scale τ OL = /E r with the recoil energy E r = 2 k 2 OL /2m of the optical lattice, the time scale is expressed as
which gives a time scale τ
ad ∼ 10 1−2 τ OL ∼ 10 2−3 µs for typical parameter values (Appendix A.2).
Step 3
Now, the atoms are trapped in the state-dependent optical lattice. According to our construction, the length between two nearest-neighbor apertures in the substrate is larger than a few times of the wavelength of laser beams. Then it is difficult to load two atoms in the nearest neighbor minima of the optical lattice, because the lattice constant is λ OL /2. To collide the atoms, we must move the |0 (|1 ) atom right (left) by n × λ OL /2, if the initial separation between the two atoms is 2n × λ OL /2; n may be more than 5.
The rough estimate of the execution time can be obtained by considering the adiabatic transport by one lattice constant λ OL /2 along the x-axis in the usual optical lattice Eq. (3). The adiabaticity condition is then given by m(λ OL /2T OL ) 2 /2 ∼ ω x = k OL 2V 0 /m. Thus, the adiabatic time scale for the motion with n lattice constant is estimated as
where τ OL has been defined in Step 2.
In our choice of the hyperfine states for |0 and |1 , the state-dependent lattice potentials are given by Eq. (A·11) in Appendix A. They are superpositions of two counterpropagating plane waves V ± and there is an interference between them. Then, the simple adiabatic argument cannot apply to this situation. Actually, as shown in Appendix A, the fidelity is an oscillating function of the operation time for a given n; in other words, the adiabaticity time is not a monotonous function of n. We find through the numerical simulation that the execution time is roughly a few tens of the typical time scale τ OL .
Step 4
Let ψ 0 (x) be the ground state wave function of an atom in one of the optical lattice potential wells . If two atoms in the ground state are put in the same potential well, the interaction energy is given by
To acquire a phase π necessary for the controlled-Z gate, for example, these atoms must be kept in the same potential well for t hold = π /U int . For the s-wave scattering length a s = 5.19 nm between two 87 Rb atoms in |F = 1, m F = 1 and |F = 2, m F = 1 21) and typical parameters of the optical lattice (see Appendix A), we find τ hold of a few msec, which is the largest execution time among all the steps. This step does not involve any nonadiabatic process and we believe the operation is executed with a high fidelity by fine tuning the holding time t hold .
Step 3', 2' and 1'
It is clear that
Step n' is an inverse process of Step n and time required for and the fidelity of the inverse process are the same as those for a forward process. The mathematical proof is described in Appendix B.
Total execution time and fidelity
We have estimated the time required for each step, under the assumption that each step gives a fidelity close to 1. The overall execution time of a two-qubit gate is given by T overall ≃ 2 τ (1) ad + τ (2) ad + τ The overall fidelity is estimated as follows. Each of Steps 1, 2, 3, 3', 2' and 1' involves two independent processes. For example, sending an atom from the vicinity of the substrate to the space point in Step 1 is realized with the fidelity 0.99 for each atom. Since this step involves two atoms, the fidelity associated with this step must be 0.99 2 . Thus the overall fidelity is 0.99 12 ∼ 0.886, where we assumed that the interaction time is tunable so that
Step 4 gives a fidelity arbitrarily close to 1. The fidelity may be improved by spending more time for each step.
Execution time may be shortened by applying stronger laser fields, because the separation between neighboring energy levels is enlarged by this, which makes fast adiabatic operation possible. Besides, stronger laser fields suppress tunneling of an atom in the optical lattice to the adjacent potential minima. The ground state wave function is squeezed in a stronger lattice potential well, leading to a larger value of ψ 4 dx. Then, Step 4 is also executed in a shorter time. To make this statement more concrete, let us make a harmonic approximation to the potential well of the optical lattice. One can see that t hold is reduced by a factor V −3/4 0 if V 0 is made larger; for example, t hold is multiplied by 0.178 if V 0 becomes 10 times larger. We expect that overall execution time can be reduced by one order of magnitude by employing laser beams which are ten times stronger than the current value.
In case the two atoms are in a general position, not necessarily along a primitive lattice vector of the optical lattice, we may introduce two orthogonal optical lattices as shown in Fig. 6 (a) . Then the selected atomic states |0 of one atom and |1 of the other meet at the intersection of the two optical lattices to acquire the extra dynamical phase. It should be noted that two-qubit gate operations may be applied simultaneously and independently on many pairs of qubits.
Conclusion
We proposed a scalable design of a neutral atom quantum computer with an on-demand interaction. A qubit is made of two hyperfine states of an atom. Associated with each atom, there is an optical fiber, through which a trap laser and a gate control laser are supplied. The latter is used to implement one-qubit gates by two-photon Raman transitions. We have shown that a selective twoqubit gate operation is possible if atoms are trapped by an array of NFFD traps with a variable aperture size. This would allow for true two-qubit gates, rather than performing the same gate operation with many atoms in massive parallelism as in the experiments by Mandel et 9) eration time of 7.87 ms with the corresponding fidelity of 0.886. It may be possible to further reduce the execution time or increase the fidelity by taking different time-dependence of the control parameters. Reduction of the gate operation time is also possible by increasing the laser intensity.
We believe that most of our proposal can be demonstrated within current technology. The severe technical challenge is to attach the ends of the optical fibers to the apertures of the substrate. We strongly believe that the rapid progress in nanotechnology makes it possible to solve this in the foreseeable future. Some other issues, such as trapping atoms near material surfaces, how to form an optical lattice in close proximity to a surface, and how to load individual traps with single atoms, should be addressed seriously toward realization of our proposal. We plan to study these issues in the future and would like to encourage experimentalists to design experiments based on our proposal.
One of the authors (M.N.) would like to thank Takuya Hirono for drawing his attention to 21) and Yutaka Mizobuchi for discussions. We are also grateful to Ken'ichi Nakagawa for enlightening discussions. The purpose of Appendix A is to estimate the execu-operation introduced in Sec. 4.2 by solving the timedependent Schrödinger equation
numerically. Using the experimentally relevant parameters, we calculate the optimized time to implement the gate operation keeping the fidelity 0.99 for each step.
Here, the fidelity is defined as the overlap between the ground state wavefunction ψ (n)
fin (x) at the final potential configuration in Steps 1, 2 and 3 and the solution of Eq. (A·1):
A.1
Step 1 A red-detuned laser beam passing through an aperture with a radius on the order of the laser wavelength forms an attractive potential U F (x, t) of Eq. (8) to an atom. The potential profile is a function of time if the aperture radius changes as a function of time. We solve Eq. (A·1) with V = U F (x, t) numerically to evaluate the time required to transfer an atom from the vicinity of an aperture to a space point, which will be a minimum of an optical lattice potential when it is turned on.
We use the D 1 transition of 87 Rb atom to trap an atom and take the numerical values length λ F 795.118 nm
for the relevant parameters for definiteness, where the laser intensity is put to I 0 = 10 5 W/cm 2 . 14) Here λ F is the wavelength of the trap laser and U 0 is the potential depth. The wavelength λ F is fixed through the detuning
where λ 0 = 794.979 nm is the wavelength of the D 1 transition. 21) With these parameters, the lifetime of atoms due to the photon recoil heating is given as t h ≈ U 0 /2E F γ s ∼ 1 sec with the recoil energy E F = h 2 /2mλ 2 F and the photon scattering rate γ s = Γ e Ω 2 eg /4∆ 2 eg , which is much longer than the total execution time.
We rewrite the Schrödinger equation in a dimensionless form using the values given in (A·3), and introduce the cylindrical coordinates by taking advantage of the cylindrical symmetry around the z-axis. By writing φ = rψ, the Schrödinger equation is put in the form
where dimensionless variables are denoted with a tilde and α = 2 /2mλ 2 F U 0 ≃ 2.2 × 10 −4 . We take the initial aperture radius a ini = 1.5 λ F , corresponding toz ini ≃ 2.0, and the final aperture radius a fin = 2.8 λ F , for whichz fin ≃ 8.0, in our computation , and 2500 (c). Since the fidelity increases monotonically withτ (1) , the execution time is evaluated at which the fidelity reaches 0.99 by interpolating the data, as shown in the inset.
to change the aperture size from a ini to a fin . The aperture size is changed as
(A·6) Here, we have vanishing initial and final velocities dã/dt to avoid oscillatory behavior of the wave function during time evolution.
We solved the Schrödinger equation (A·5) numerically and foundτ (1) = 2500, that is, τ (1) =τ (1) τ F = 950 µs, is required to attain the fidelity 0.99 [see Fig. A·1 ]. This τ (1) is consistent with the adiabaticity bound τ
ad in (14) .
A.2 Step 2
We switch from the NFFD potential U F (x, τ (1) ) to the optical lattice potential U OL (x) with the time scale τ (2) as
to this end. Here U F (x, τ (1) ) is the NFFD trap potential at t = τ (1) and
is the optical lattice potential, where z m is the zcoordinate of the minimum of the NFFD potential at t = τ (1) . It turned out to be convenient to employ different scaling for physical parameters here from those in Step 1. We use scales length λ OL 785 nm
before. Now the Schrödinger equation (A·1) is put in a dimensionless form as
For definiteness, we take V 0 /E r = 40, U 0 /E r = 114 and w/λ OL = 4. We have taken V 0 to be of the same order as that in Mandel et al. 9) It should be noted that there is no rotational symmetry in the above Schrödinger equation and it must be solved by using the Cartesian coordinate system.
We have solved the Schrödinger equation (A·10) numerically and found that the time scale τ (2) = 560 µs is required to attain the fidelity 0.99 with the similar analysis done in the Sec. A.1. Thus the above value of τ (2) is consistent with this estimation.
A. 3 Step 3
The optical transitions shows that the effective potentials acting on |0 = |F = 1, m F = 1 and |1 = |F = 2, m F = 1 are
respectively. Here, we use the following decompositions 
where |3/2, 1/2 |1/2, 1/2 in the right hand side denotes a vector with nuclear spin (I = 3/2, I z = 1/2) and electron spin (S = 1/2, S z = 1/2), for example. If the polarization angle θ is increased, V |0 (x) (V |1 (x)) moves right (left). The choice of these hyperfine states gives an exactly counter-moving potential Eq. (A·11) for |0 and |1 , while the states used by Mandel et al. 9) yield the asymmetric potential given in Eq. (6). Hence we restrict ourselves to the motion of |1 state below.
We take the number of the lattice constant over which an atom is transported to be n. In actual experiments, the angle θ may be changed by using an electro-optic modulator (EOM). The angle θ is then limited within the range 0 ≤ θ ≤ π. This means that we have to reset θ to zero as soon as it reaches to θ = π, if we need to change θ beyond π (Fig. A·2) . The trick is that even when θ jumps by π, cos θ does not change at all. This reset must be done instantaneously so that the trapped atoms does not move in the optical lattice during the resetting time. By repeated use of this reset n − 1 times, it is possible to change θ effectively from θ = 0 to θ = nπ.
We have solved the Schrödinger equation numerically. The angle θ is changed as
in case an atom is transferred in the optical lattice by n site. We employ the same scaling as introduced in Step 2, with which the Schördinger equation is put into a dimensionless form as
Here, we use the cylindrical coordinates by taking advantage of the cylindrical symmetry of the optical lattice around the z-axis.
The Schrödinger equation is solved numerically and we find that the operation time τ (3) , which gives the fidelity 0.99, is 0.577 ms and 1.28 ms for two choices n = 3 and n = 6, respectively. Note that τ (3) is not a monotonous function of n. This is due to the fact that the lattice potentials V |0 and V |1 are superpositions of two counterpropagating plane waves V ± and there is an interference between them. In fact, the fidelity is an oscillating function of τ (3) for a given n; an example is shown in Fig.  A·3 . These complicated properties make the execution time τ (3) several times longer than the time scale τ (3) ad obtained from adiabaticity requirement in Sec. 5.3.
